

View

Online


Export
Citation

CrossMark

LETTER |  MAY 12 2023

Squirming with a backward-propelling cage 
J. Della-Giustina  ; H. Nganguia   ; E. Demir  

Physics of Fluids 35, 051703 (2023)
https://doi.org/10.1063/5.0152711

D
ow

nloaded from
 http://pubs.aip.org/aip/pof/article-pdf/doi/10.1063/5.0152711/17475562/051703_1_5.0152711.pdf

https://pubs.aip.org/aip/pof/article/35/5/051703/2890433/Squirming-with-a-backward-propelling-cage
https://pubs.aip.org/aip/pof/article/35/5/051703/2890433/Squirming-with-a-backward-propelling-cage?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/pof/article/35/5/051703/2890433/Squirming-with-a-backward-propelling-cage?pdfCoverIconEvent=crossmark
javascript:;
javascript:;
javascript:;
javascript:;
https://doi.org/10.1063/5.0152711
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2063275&setID=592934&channelID=0&CID=754934&banID=520996622&PID=0&textadID=0&tc=1&adSize=1640x440&matches=%5B%22inurl%3A%5C%2Fpof%22%5D&mt=1683906077620511&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpof%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0152711%2F17475562%2F051703_1_5.0152711.pdf&hc=f35af96d3e55dbace8a6bdfec6d7a854c5de8feb&location=


Squirming with a backward-propelling cage

Cite as: Phys. Fluids 35, 051703 (2023); doi: 10.1063/5.0152711
Submitted: 31 March 2023 . Accepted: 28 April 2023 .
Published Online: 12 May 2023

J. Della-Giustina,1 H. Nganguia,1,a) and E. Demir2,a)

AFFILIATIONS
1Department of Mathematics, Towson University, Towson, Maryland 21252, USA
2Department of Mechanical Engineering and Mechanics, Lehigh University, Bethlehem, Pennsylvania 18105, USA

a)Authors to whom correspondence should be addressed: hnganguia@towson.edu and demir@lehigh.edu

ABSTRACT

A squirmer enclosed in a droplet represents a minimal model for some drug delivery systems. In the case of a spherical squirmer swimming
with a spherical cage in a Newtonian fluid [Reigh et al., “Swimming with a cage: Low-Reynolds-number locomotion inside a droplet,” Soft
Matter 13, 3161 (2017)], it was found that the squirmer and droplet always propelled in the same direction albeit at different speeds. We
expand the model to include particles’ shape and medium’s heterogeneity, two biologically relevant features. Our results reveal a novel
behavior: a configuration that consists of a spherical squirmer and a spheroidal droplet in highly heterogeneous media yields a backward
motion of the droplet.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0152711

The past few decades have seen tremendous progress in modern
medicine, especially in the ways drugs and treatments are adminis-
tered. Targeted drug delivery, a class of methods to deliver medication
to specific organs or tissues, shows a great potential for reducing
adverse drug reactions. One form of targeted drug delivery consists of
inserting the drug in a carrier, a micro- or nano-particle,1–7 that is
then absorbed by the patient orally or via an injection. Two features,
design and control, must be carefully considered for effective and effi-
cient drug delivery. Design must account for various factors, including
but not limited to biocompatibility, capacity, and shape.8,9

Experimental and numerical studies have shown that under flow con-
ditions and in the presence of red blood cells, non-spherical shapes
display better localization toward the blood vessel walls compared to
spherical particles. This enhanced localization is particularly important
for the carrier’s ability to adhere to and ultimately cross biological
barriers.10,11

On the other hand, the control of a targeted drug delivery system
relies on either detectability or predictability of the carrier’s motion,
the latter of which mimics biological microorganisms.12 The propul-
sion of microorganisms in unbounded fluids has attracted tremendous
amount of interest since the pioneering works of Taylor13 and
Lighthill.14 Studies have since extended these seminal works to investi-
gate the propulsion of microorganisms in non-Newtonian and hetero-
geneous media.15–23 However, applications including targeted drug
delivery,12,24 or the development of nanotechnologies to manipulate
cells,25 have led to increasing interest in the motion of microorganisms
in confined spaces.25–34

Theoretical studies of such systems assumed physical interfaces
with various properties.31,35,36 For instance, Reigh et al.31 considered a
squirmer inside a clean droplet (surfactant/contaminant-free and
Newtonian) and obtained analytical solutions for the squirmer and
droplet speeds in a concentric configuration (the squirmer and droplet
share the same center). With this configuration, they showed that the
squirmer always moves faster than the droplet. Later studies showed
that these results also extend to droplet covered with surfactants.35

These recent findings have provided important insight on locomotion
inside a droplet. However, the results are limited to spherical squirm-
ers enclosed in spherical droplets in homogeneous Newtonian fluids.

In reality, microorganisms often encounter heterogeneous envi-
ronments.29,37–40 The heterogeneous media can be modeled using the
Brinkman equation41 that accounts for the additional hydrodynamic
resistance due to the network of stationary obstacles. It has been
employed to probe the effects of viscous heterogeneous environments
on locomotion performance.17,42,43 In terms of shape, several microor-
ganisms can be approximated by spheroids. For example, many ciliates
have a mean length-to-width aspect ratio of approximately 2.44,45

Thus, the spheroidal squirmer46–49 provides a more biologically accu-
rate model compared to the classical spherical squirmer.14,50

Moreover, the spheroidal model serves as a first approximation to
other non-spherical swimmers (e.g., E. coli) to assess how shape affects
swimming performance.

The combined effect of fluid heterogeneity and shape is expected
to increase the complexity of the squirming motion and the droplet’s
propulsion; however, the problem has yet to be investigated. Here, we
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analyze the influence of these two factors on the propulsion speeds of
the squirmer and droplet using numerical simulations. We find non-
trivial propulsion speed profiles that depend not only on heterogeneity
and shape but also on the viscosity contrast between fluids. Most strik-
ingly, we observe a backward motion of the droplet that results from
vortex-like flow patterns moving the droplet in the direction of the
surrounding flow, opposite the motion of the squirmer.

We consider the propulsion of a squirmer in a Newtonian pocket
enclosed in a drop within a heterogeneous medium, as illustrated in
Fig. 1. Following Reigh et al.,31 we assume that the droplet does not
deform, for instance as the result of sufficiently large surface tension
on its surface. The fluid phases inside and outside the droplet have
viscosities l1 and l2, respectively. We extend the axisymmetric
Stokes–Brinkman model presented in our previous study34 to account
for the motion of the droplet. Denoting dimensional variables with a (~),
the region inside the droplet (phase 1 in Fig. 1) ismodeled as a purely vis-
cous homogeneous fluid governed by the incompressible Stokes equation
~r~p1 þ l1

~r � ð ~r � ~u1Þ ¼ 0; whereas the heterogeneous medium
that describes phase 2 is governed by the incompressible Brinkman equa-
tion41 ~r~p2 þ l2

~r � ð ~r � ~u2Þ þ l2x
2~u2 ¼ 0, where x�2 is the per-

meability of the medium. The governing equations are solved together
with boundary conditions in the far-field, ~u2 ¼ 0; on the squirmer sur-
face, ~u1 ¼ ~U S þ ~usq; and on the droplet surface, ~u1 � n ¼ ~u2 � n
¼ ~U D � n; ~u1 � t ¼ ~u2 � t;l1

~T1 � t ¼ l2
~T2 � t: ~U S and ~U D are the

squirmer’s and droplet’s propulsion speeds, respectively, n and t are the
normal and tangential vectors on the droplet, the stresses ~Tj ¼ �~pjI

þ½ ~r~u j þ ð ~r~u jÞT � (j¼ 1, 2), and ~usq ¼
P1

n¼1 BnVnef; denotes the tan-
gential velocity on the surface of the squirmer with swimming modes Bn
and Vn ¼ ðs20 � f2Þ�1=2P1

nðfÞ for a spheroidal squirmer.46–49 Here, P1
n

are the associated Legendre polynomials, and the shape parameter
s0 ¼ 1=es, where es is the squirmer’s eccentricity. The limit es ! 0
(or s0 !1) corresponds to a spherical squirmer, in which case Vn

¼ �2P1
nðfÞ=½nðnþ 1Þ� and f! cos h.14,50

We nondimensionalize the problem as follows: Velocities are
scaled by the first mode B1, and lengths are scaled by the semi major
axis of the squirmer as. The dimensionless droplet size is denoted by
v ¼ ad=as > 1, where ad is the semi major axis of the droplet. Finally,
stress and pressure are scaled by l2B1=as. In the case of a spherical

squirmer in a spherical droplet, as and ad denote the radii of the
squirmer and droplet, respectively. In dimensionless form, the Stokes
equation in the inner domain becomes

rp1 þ kr� r� u1ð Þ ¼ 0; (1)

where the viscosity ratio k ¼ l1=l2. The dimensionless Brinkman
equation in the outer domain is given by

rp2 þr� r� u2ð Þ þ d2u2 ¼ 0; (2)

where the fluid resistance d ¼ asx. The dimensionless boundary
conditions:

u2 ¼ 0; (3)

u1 ¼ US þ usq; (4)

u1 � n ¼ u2 � n ¼ UD � n; (5)

u1 � t ¼ u2 � t; (6)

kT1 � t ¼ T2 � t; (7)

where

usq ¼
X1

n¼1
bnVnef (8)

and the dimensionless swimming modes bn ¼ Bn=B1. While b2nþ1
modes contribute to propulsion of a spheroidal squirmer,49 the speeds
of a translating spherical micro-organism in an unbounded
Newtonian fluid14,50 and heterogeneous medium23 depend solely on
the first swimming mode. Thus, we only retain b1 in the surface veloc-
ity equation (8). The governing equations are solved numerically using
the finite element method implemented in the COMSOL Multiphysics
environment. We validate our numerical implementation against the
results from Reigh et al.,31 and the analytical solutions using a spheri-
cal squirmer and a spherical droplet in a heterogeneous medium. The
squirmer and droplet speeds are calculated after applying the force-
free condition

Ð
STj � n dS ¼ 0 and are given by

US ¼
1
3B

�
v� 1ð Þ2 3þ 6vþ 4v2 þ 2v3

� �

� 18þ 18vdþ 3v2d2 þ v3d3
� �

þ 6 �9� 9vdþ 15v2 þ 9v5
�

þ ð15v3 þ 9v6Þdþ ðv7 � v2Þd2�k
�
; (9)

and

UD ¼
30v2 1þ vdð Þk

B
; (10)

where B¼ ðv5� 1Þð18þ 18vdþ 3v2d2þ v3d3Þþ ð2þ 3v5Þð9þ 9vd
þv2d2Þk: The results in Reigh et al.31 are recovered by taking the limit
d! 0. The squirmer and droplet speeds become US ¼ 2½3þ 5v2ðk
�1Þ�3kþv5ð2þ3kÞ�=½6ðk�1Þþv5ð6þ9kÞ� and UD¼10v2k=
½6ðk�1Þþv5ð6þ9kÞ�. These equations are identical to those in Reigh
et al.31 after letting k¼1=~k, where ~k is the viscosity ratio in their work.
Figures 2(a) and 2(b) show the propulsion speeds of the squirmer and
droplet, while Fig. 2(c) shows the ratio of the droplet to squirmer
speeds as a function of the domain size v with d¼10�3. The solid
curves denote the results using the purely viscous system in Reigh

FIG. 1. Schematic of the three squirmer/droplet shape configurations: a spheroidal
squirmer in a spherical droplet (left), a spheroidal squirmer in a spheroidal droplet
(center), and a spherical squirmer in a spheroidal droplet (right). The squirmer is in
a Newtonian fluid pocket with viscosity l1 that is enclosed in a droplet in a hetero-
geneous medium with viscosity l2. The squirmer and droplet propel with speeds
US and UD, respectively.
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et al.,31 the dashed curves are obtained from Eqs. (9) and (10), and the
symbols denote numerical simulations.

We now analyze the squirmer and droplet speeds for the three
configurations shown in Fig. 1: a spheroidal squirmer in a spherical
droplet (C1), a spheroidal squirmer in a spheroidal droplet (C2), and a
spherical squirmer in a spheroidal droplet (C3). Shapes are character-
ized by varying the eccentricities of the squirmer es and the droplet ed.
In our analyses, the squirmer speed is scaled by the speed UN of its
counterpart in an unbounded Newtonian fluid, where UN ¼ 2=3 for a
spherical squirmer or UN ¼ s0½s0 � ðs20 � 1Þcoth�1s0� for a spheroi-
dal squirmer. To analyze the droplet speed, we scale it by the squirmer
speed. The resulting ratio provides a measure of the relative magni-
tudes of the squirmer and droplet speeds. In all analyses, the droplet
size v varies based on the configuration, whereas we consider squirm-
er’s eccentricities es ¼ 0; 0:3; 0:9, droplet’s eccentricities ed ¼ 0; 0:3;
0:9, and the viscosity ratios k ¼ 0:1; 1; 10. Finally, while the terms
“initial” and “terminal” are often reserved for transient variables, we
employed them to denote the speeds in the limits d! 0 and d!1,
respectively.

Figure 3 illustrates the propulsion speed of the squirmer US nor-
malized by the propulsion speed of a spheroidal (configurations C1

and C2) or spherical (configuration C3) squirmer in an unbounded
Newtonian fluid, as a function of the fluid resistance d. Generally, the
dynamics can be split based on the viscosity ratio k. When k � 1, the
enclosed squirmer always propels slower compared to an unbounded
squirmer. Moreover, US is non-monotonic as a function of v: the speed
first decreases from v near 1, reaches a minimum, and then increases to
US ! UN as v!1. For k � 1 and fixed v [Figs. 3(a), 3(b), 3(d), 3(e),
3(g), and 3(h)], higher eccentricity yields larger initial speed while the
terminal speed depends on the configuration. For C1; C2 and fixed v
[Figs. 3(b) and 3(e)], higher eccentricity still yields larger terminal
speeds, whereas increasing the eccentricity of the drop ed in C3 [Fig.
3(h)] may lead to lower terminal speeds. Note that unlike smaller viscos-
ity ratios, for k¼ 1, the initial speed varies little fromUN when d < 1.

Propulsion speeds US > UN can be achieved for k > 1 and
1 � d < 10, as illustrated in Figs. 3(c), 3(f), and 3(i). Compared to the

cases k � 1, the v-dependent non-monotonic behavior now reaches a
maximum speed before converging to UN as v!1. Considering the
full range of fluid resistance d, the terminal speed still settles into a
steady value as d!1. However, this time, the initial and terminal
speeds depend on a non-trivial combination of the squirmer and/or
droplet eccentricities and v. For C1 and v ¼ 1:05 (v ¼ 1:5), the
squirmer’s initial speed increases (decreases) with increasing es, as
illustrated in Fig. 3(c). The absolute difference between speeds at both
values of the eccentricity decreases with increasing v. This dynamic is
also observed in C2 [Fig. 3(f)], where the combination of eccentricities
es ¼ 0:3 and ed ¼ 0:9 yields larger (smaller) initial speeds compared
to es ¼ 0:9 and ed ¼ 0:3 for v ¼ 1:5 (v¼ 2). The last configuration
C3 shows insignificant variations between the speeds for a fixed v and
increasing ed. The terminal speeds on the other end [Figs. 3(c), 3(f),
and 3(i)] follow the same behavior as described for k � 1.

While the above analysis described some of the differences
observed from each configuration, taken as a whole, Fig. 3 reveals a
number of common features. First, when d < 1, initial velocities of all
configurations remain relatively constant, suggesting that sparse net-
works of stationary objects in the outer phase have a minimal impact
on the squirmer’s propulsion speed. However, as d increases beyond 1,
speeds decrease monotonically, converging to a steady value as
d!1. Second, US is independent of the fluid resistance, and the
squirmer’s and droplet’s eccentricities as v!1. In this case, the
droplet enclosure no longer has any effects of the squirmer, which pro-
pels as if in an unbounded homogeneous domain (US¼UN). Third,
for d!1 and v > 1, the speed settles into a non-zero steady value,
indicating that the squirmer is always able to move inside its cage,
independently of the droplet’s motion. In the case v � 1, the terminal
speed US¼UB, the speed of an unbounded squirmer in a heteroge-
neous medium.23

For configurations C1 and C2, the droplet speed UD is always pos-
itive and approaches zero as the fluid resistance increases. In other
words, the droplet can no longer propel at very large values of the fluid
resistance. However, we observe a novel behavior for C3. While the
droplet ultimately comes to a standstill as d!1, there is a finite

FIG. 2. Propulsion speed for (a) the squirmer and (b) the droplet as a function of the domain size v. In both panels, the speed is scaled by UN ¼ 2=3, the propulsion speed of
a squirmer in an unbounded domain in a Newtonian fluid. (c) Ratio of the droplet to squirmer speeds as a function of the domain size v. The solid curves denote the results
using the purely viscous system [Eqs. (10) and (11) in Reigh et al.31], the dashed curves are obtained from Eqs. (9) and (10), and the symbols denote numerical simulations.
In all panels, the fluid resistance d ¼ 10�3.
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range of fluid resistance where UD < 0, indicating a backward motion
of the droplet.

Figure 4 shows the ratio UD=US for configurations C1 (a), C2 (b),
and C3 (c) with k¼ 1. Since the squirmer always propels forward
(US > 0, Fig. 3), the change in sign in Fig. 4(c) implies UD < 0. This
backward motion only appears for small values of v (in our simula-
tions, v ¼ 1:1 for ed ¼ 0:3 or v ¼ 1:5 for ed ¼ 0:9). Moreover, the
range and extent to which the droplet propels backward show a strong
dependence on the viscosity ratio. For k � 10, the range gets wider as
k! 0. This widening range is illustrated in Fig. 4(d), where the back-
ward motion dominates for d � 31:6228 at k ¼ 0:1 compared with
d � 177:8279 at k¼ 10. While jUD=USj gets smaller as k nears 10, the
backward motion actually becomes more pronounced for k	 10 (at
d ¼ 103; jUD=USj � 0:2 for k ¼ 103 compared with jUD=USj � 0:05
for k¼ 10). The droplet’s backward motion can be explained, at least
partially, by comparing the flow field and surface velocities for
UD=US > 0 vsUD=US < 0.

Figure 5(a) shows the flow field for UD=US > 0 (left half,
d � 17:8) and UD=US < 0 (right half, d � 31:6) for k ¼ 0:1; v ¼ 1:1,
and ed ¼ 0:3 In the droplet’s forward motion, the flow field resembles
that of an unbounded squirmer and the droplet is entrained along
with the squirmer. In this case, the surface velocities on the squirmer
and droplet point in the swimming direction, as illustrated in the
left half of Fig. 5(b). By contrast, the backward motion of the droplet
is characterized by vortex-like patterns that push (pull) at the front
(and back) of the droplet. The surface velocities on the right half of
Fig. 5(b) also confirm this opposite motion, with the squirmer pro-
pelling forward (red arrows) while the droplet is moving backward
(blue arrows).

In conclusion, we investigated the combined effects of heteroge-
neity and shape on squirming with a cage. In terms of designing a
drug delivery system, our results have important implications that we
now discuss. We posit that two objectives must be achieved: drug
dosage/content and speed of delivery.

FIG. 3. Propulsion speed of the squirmer (vertical axes) as a function of the fluid resistance [horizontal axe: (a)–(c)]: spheroidal squirmer in a spherical droplet (ed¼ 0); (d)–(f):
spheroidal squirmer in a spheroidal droplet; and (g)–(i): spherical squirmer (es¼ 0) in a spheroidal droplet. The viscosity ratio varies from k ¼ 0:1 [first column: (a), (d), (g)] to
k¼ 1 [second column: (b), (e), (h)] and k¼ 10 [third column: (c), (f), (i)]. The speed is scaled by UN ¼ s0½s0 � ðs20 � 1Þcoth�1s0� (a)–(f) or UN ¼ 2=3 (g)–(i), the propulsion
speed of a spheroidal/spherical squirmer in an unbounded Newtonian fluid. For each configuration, the curves are color-coded as indicated in the legend in panels [(c), (f), (i)].
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In any of the three geometries considered, the highest value of v
shows almost a complete resistance to any change in velocity as hydro-
dynamic resistance d increases. These results suggest that a distribu-
tion pathway that experiences significant variations in d, or
alternatively is densely populated throughout, is best suited for config-
urations with high v values. Additionally, the volume of drug con-
tained in each droplet is directly proportional to v, and subsequently
must also be considered to ensure an ideal drug dosage. In cases where
the distribution pathway is identified as being relatively sparse
(d < 1), it may be possible to adjust the viscosity of the inner phase to
increase the value of k. In this hypothetical situation, a decreased v
value could result in enhanced propulsion speeds of the delivery sys-
tem to the target site, thereby enabling timely treatment. Therefore,
fully understanding both the distribution pathway and the required
therapeutic dosage is critical for determining parameter values that
maximize the effectiveness of a squirmer/droplet targeted therapy.

For its part, the backward motion of the droplet provides a decel-
erating mechanism, whereas the carrier’s motion is reversed as

opposed to suppressed by large fluid resistance. Note that this behavior
is not a purely theoretical possibility, considering that the fluid resis-
tance d for a micro-sized squirmer23 is estimated to be between 0.6
and 25. The upper limit falls well within the range where the backward
droplet motion would begin occuring (17:8 < d < 31:6 for k ¼ 0:1).
In experiments, the distinct flow patterns can be observed using
Particle Image Velocimetry (PIV), which would help differentiate and/
or identify carriers dynamics. The experimental data, coupled with
theoretical analysis, would in turn aid to predict the interaction
between the squirmer-droplet system and highly heterogeneous bio-
logical barriers.6

Knowledge from our results is useful in guiding the choice of
design parameters for effective drug carriers. It provides several con-
siderations that may be tailored to specific objectives. However, we
note that other considerations exist that have not been discussed. For
example, the efficiency of the squirmer could be leveraged in deter-
mining the optimal combination of droplet size and squirming speed.
Higher modes of swimming gait, critical for propulsion in complex
fluids,20,51 could also be considered. Moreover, determining how opti-
mal propulsion strategies in unbounded domains52–55 may change
when the squirmers are encapsulated inside the droplets presents yet
another line of inquiry. Future work in these directions is under way.
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